Harmonic morphisms are maps between Riemannian manifolds that pull back harmonic functions to harmonic functions. These maps are characterized as horizontally weakly conformal harmonic maps and they have many interesting links and applications to several areas in mathematics (see the book [2] by Baird and Wood for details). In this paper, we study generalized harmonic morphisms which are defined to be maps between Riemannian manifolds that pull back harmonic functions to biharmonic functions. We obtain some characterizations of generalized harmonic morphisms into a Euclidean space and give two methods of constructions that can be used to produce many examples of generalized harmonic morphisms which are not harmonic morphisms. We also give a complete classification of generalized harmonic morphisms among the projections of a warped product space, which provides infinitely many examples of proper biharmonic Riemannian submersions and conformal submersions from a warped product manifold.
Introduction
A harmonic morphism is a map φ : (M m , g) −→ (N n , h) between Riemannian manifolds that preserves the solutions of the Laplace equation in the sense that it pulls back any local harmonic function on (N n , h) to a local harmonic function on (M m , g). Such maps are characterized by Fuglede [3] and Ishihara [4] independently as harmonic maps which are also horizontally weakly conformal. Here, horizontally weakly conformal maps are generalizations of Riemannian submersions in the sense that at the point where (dφ) x = 0, (dφ) x preserves horizontal angles. This is equivalent to the existence of a function λ on M such that (1) h(dφ x (X), dφ x (Y)) = λ 2 g(X, Y)
for any horizontal vectors X, Y . We refer the readers to the book [2] for a comprehensive account of the theory, applications and interesting links of harmonic morphisms.
Biharmonic morphisms, as a generalization of the notion of harmonic morphisms, were introduced and studied in [9] , [5] and [6] . These are maps between Riemannian manifolds which preserve the solutions of bi-Laplace equations in the sense that they pull back germs of biharmonic functions to germs of biharmonic functions. According to a characterization obtained in [6] , a map between Riemannian manifolds is a biharmonic morphism if and only if it is a horizontally weakly conformal map which is also a biharmonic map, a 4-harmonic map, and satisfies an additional equation. So biharmonic morphisms are a very restricted class of horizontally weakly conformal biharmonic maps. We would also like to point out that not every harmonic morphism is a biharmonic morphism though the latter generalizes the notion of the former.
In this paper, we study maps between Riemannian manifolds that pull back local harmonic functions to local biharmonic functions. Such maps clearly include harmonic morphisms as a subclass since any harmonic morphism pulls back a harmonic function to a harmonic function which is alway a biharmonic function. So, we call this class of maps generalized harmonic morphisms. We give two characterizations of generalized harmonic morphisms into Euclidean spaces and two methods of constructions to produce generalized harmonic morphisms by using direct sum of given generalized harmonic morphisms or by composing a given generalized harmonic morphism with a harmonic or a biharmonic morphism. Many examples of generalized harmonic morphisms which are not harmonic morphisms are given. We also give a complete classification of generalized harmonic morphisms among the projections of a warped product space, which provides infinitely many examples of proper biharmonic Riemannian submersions and conformal submersions from a warped product manifold. Our study shows that the generalized harmonic morphisms are not only a natural generalization of harmonic morphisms (see, e.g., Proposition 2.4 and Corollary 2.5) but also a useful tool to construct infinitely many horizontally weakly conformal proper biharmonic maps including biharmonic Riemannian submersions Theorem 2.7 and Remark 4.
Characterizations of generalized harmonic morphisms into
Euclidean spaces
Remark 1. It is clear from the definitions of harmonic morphism, biharmonic morphism, and generalized harmonic morphism that any harmonic morphism is a generalized harmonic morphism and any biharmonic morphism is also a generalized harmonic morphism. So we have the following inclusion relations:
{harmonic morphisms} ⊂ {generalized harmonic morphisms}, and {biharmonic morphisms} ⊂ {generalized harmonic morphisms}. Now we are ready to prove the following characterizations of the generalized harmonic morphisms into Euclidean spaces. 
between Riemannian manifolds and a function f on N, we have, by Lemma 2.5 in [9] , the following bi-Laplacian * AND YE-LIN OU * * formula
where Einstein summation convention has been used and f α , f αβ etc denote the partial derivatives ∂f ∂y α , ∂ 2 f ∂y α ∂y β respectively. Using Lemma 2.4 in [9] , we can rewrite formula (3) as
Let φ : (M m , g) −→ R n be a generalized harmonic morphism, and let {y α } be the standard Cartesian Coordinates on the Euclidean space R n , then f (y) = y α α = 1, 2, · · · , n is a harmonic function for α = 1, 2, · · · , n. Substituting f (y) = y α into Equation (4) we obtain
By choosing harmonic functions f (y) = (y α ) 2 − (y β ) 2 and f (y) = y α y β , α = β using Equation (4) respectively, we have
This, together with Equation (5), implies that
which means exactly that the map (φ
Using Equations (5) and (6) we can rewrite Equation (4) as
for any function f on R n , where
By substituting the harmonic function f (y) = y α y β y γ with α = β = γ into Equation (7) we have
On the other hand, by substituting the harmonic function f (y) = (y
into Equation (7) we have,
Substituting (11) and (12) into Equation (7) we have
for any function f on R n .
Choose the harmonic function f (y) = (y α ) 3 (y β )−(y β ) 3 y α and substitute it into Equation (13), we have (14) 24(|∇φ
On the other hand, choosing the harmonic function f (y) = (y 4 and substituting it into Equation (13) yields
Combining (14) and (15) we have
which means exactly the map φ : (M m , g) −→ R n is horizontally weakly conformal.
This, together with (5) and (6), completes the proof that a generalized harmonic morphism φ : (M m , g) −→ R n is a horizontally weakly conformal biharmonic map with an additional condition that the map (
n is a horizontally weakly conformal biharmonic map with an additional condition that the map (φ α +iφ β ) 2 : (M m , g) −→ C is also a biharmonic map for any α = β = 1, 2, · · · , n, we use (5), (6) , and (21) to rewrite (4) as
where in obtaining the last equality we have used the horizontal weak conformality
It follows from Equation (17) that the map φ : (M m , g) −→ R n pulls back any harmonic function to a biharmonic function and hence it is a generalized harmonic morphism. This completes the proof of the equivalence of Statements (i) and (ii). * AND YE-LIN OU * * Finally, the equivalence to Statements (i) and (iii) follows clearly from the definition of a generalized harmonic morphism and Equation (2) . Thus, we obtain the theorem.
is also a biharmonic map
Remark 2. We would like to point out that there are examples of horizontally conformal biharmonic maps which are not a generalized harmonic morphism, for instance, we know from [1] that the map φ :
is a horizontal weakly conformal biharmonic map. However, we can check that (φ) 2 : R 3 −→ C is not biharmonic, so it is not a generalized harmonic morphism.
Notice that the concept of harmonic morphisms traced back to Jacobi who in 1848 tried to solve the Laplace equation
for φ : R 3 ⊇ U −→ C under the additional condition that f • φ is harmonic for any (holomorphic) complex analytic function f : C ⊇ V −→ C.
Since the real and imaginary parts of any holomorphic function are harmonic and since the Laplacian is a linear operator on functions, the additional condition that Jacobi imposed is equivalent to the map φ pulling back harmonic functions to harmonic functions. With this viewpoint, we can easily have Proof. If a Riemannian submersion φ : R 3 −→ R 2 or φ : H 3 −→ R 2 pulls back harmonic functions to biharmonic functions, then it is a generalized harmonic morphism, which, by Theorem 2.2, has to be a biharmonic map. It was proved in [11] that any biharmonic Riemannian submersion φ : R 3 −→ R 2 has to be an orthogonal projection up to an isometry of the domain and/or the target, and that there is no biharmonic Riemannian submersion from H 3 . Thus, we obtain the corollary.
A family of proper biharmonic Riemannian submersions was constructed in [6] . Later it was proved in [11] that the Riemannian submersion given by the projection of the warped product
is biharmonic if and only if (23) ∆u = ∆v = 0, where u = (ln β) x , v = (ln β) y .
By assuming β = e ϕ(x)dx e φ(y)dy , the authors in [11] were able to solve for some special solutions for β(x, y).
Our next theorem shows that, if we add an additional condition that the square map (π) 2 is also biharmonic (which makes π a generalized harmonic morphism), then the system of equations can be solved completely. Thus, we obtain a complete classification of generalized harmonic morphisms among the projections of the warped product, which also provides two families of infinitely many examples of proper biharmonic Rimannian submersions from a warped product space.
Theorem 2.7. The Riemannian submersion defined by the projection of the warped product
is a generalized harmonic morphism if and only if
for any constants C > 0, C 1 , C 2 .
Proof. As in [11] , we choose an orthonormal frame {e 1 = where u = (ln β) x , v = (ln β) y . The integrability data of the Riemannian submersion π are given by
and hence we have ∇ e 1 e 1 = ∇ e 2 e 2 = 0, ∇ e 3 e 3 = ue 1 + ve 2 , (25) where ∇ denote the Levi-Civita connection of warped product metric on the total space. The tension field of the Riemannian submersion π given by
It follows from Example 1 in [11] that the Riemannian submersion π is biharmonic if and only if
It follows from Theorem 2.2 that the projection π (being a Riemannian submersion) is a generalized harmonic morphism if and only if both π and its square map (π(x, y, z)) 2 = (x + iy) 2 = x 2 − y 2 + 2ixy are biharmonic maps. These are equivalent to β(x, y) solving Equation (27) and
A straightforward computation using (25) and (27) gives 
To solve this system, we first notice that
which, together with (36), gives
On the other hand, we differentiate both sides of (35) with respect to x and both sides of (36) with respect to y to have, respectively
Multiplying 2 to the second and adding the result to the first of the above equations, and using (33) we have
Similarly, differentiating both sides of (35) with respect to y and both sides of (36) with respect to x gives, respectively 2uu y − 2u xy − 2vv y + 2v yy = 0 (42)
Multiplying −2 to the second and adding the result to the first of the above equations, and using (34) we have 
Solving these systems, we have
Case II: uv = 0. First, we substitute (38) into (41) and (44) From these we have
for some constant C 1 = 0. Substituting u = C 1 v into (38) we have
which is equivalent to
Solving this system we have
for some constant C 2 . Similarly, using v = C 1 u Equation (38) have another family of solutions given by (53) u(x, y) = −2
for some constant C 2 . A straightforward checking shows that all the solutions in (52) and (53) also solve equations (33), (34) and (35), so they are solutions of the generalized harmonic morphism equations.
Substituting u(x, y), v(x, y) given in (52) and (53) into the equation (ln β) x = u(x, y), (ln β) y = v(x, y) and solving the resulting equations, we have
for any constants C > 0,
Finally, notice that if we allow C 1 = 0, then the family of the solutions contains the special solutions given in (46). Thus, we obtain the theorem. * AND YE-LIN OU * * Remark 4. (i) Notice that the tension field of the Riemannian submersions given in the theorem is τ (π) = udπ(e 1 ) + vdπ(e ) = 0 for all the solutions given in (52) and (53), so the generalized harmonic morphisms provided by our theorem are all proper biharmonic Riemannian submersions.
(ii) It is very interesting to note, as one can easily check, that the square map
of the generalized harmonic morphisms given in our theorem provides two families of infinitely many examples of conformal proper biharmonic submersions from a 3-dimensional warped product manifolds.
Some constructions and more examples of generalized harmonic morphisms
In this section, we give two methods of constructions to produce new generalized harmonic morphisms from given ones. One is by composition and the other is by using a direct sum.
Unlike in the case of harmonic or biharmonic morphisms where we have the composition rules stating that the compositions of harmonic morphisms (respectively, biharmonic morphisms) are harmonic morphisms (respectively, biharmonic morphisms), the composition of generalized harmonic morphisms are not expected to be generalized harmonic morphisms. However, by the definitions of harmonic morphisms, biharmonic morphisms and the generalized harmonic morphisms, we do have the following composition rules which provide methods to produce new generalized harmonic morphisms from given ones by composing it with a harmonic morphism or a biharmonic morphism.
Remark 5. Notice that the concept of generalized harmonic morphisms into Riemann surfaces are well defined. Recall that a Riemann surface is an orientable surface with a conformal class of Riemannian metrics. By (I) of Corol-
is also a generalized harmonic morphism since the * AND YE-LIN OU * * Example 5. Let ϕ : R 4 −→ R 3 denote the generalized harmonic morphism in Example 4 defined by (57). Then, by composing ϕ with an orthogonal projection R 3 −→ R 2 ≡ C, we have three different generalized harmonic morphisms ϕ α + iϕ β : R 4 −→ C for any α = β = 1, 2, 3.
Recall that a direct sum of two maps ψ : (M m , g) −→ R k , ϕ : (N n , h) −→ R k is defined (see [8] ) to be the map ψ ⊕ ϕ : (M m × N n , g × h) −→ R k with (59) (ψ ⊕ ϕ)(x, y) = ψ(x) + ϕ(y).
The direct sums of maps have been used ( see [8] , [2] and [10] ) to construct examples of harmonic morphisms and biharmonic maps. For example, it follows from [8] and [10] that the direct sum of horizontally weakly conformal biharmonic maps is again a horizontally weakly conformal biharmonic map. However, one can easily check that, in general, the direct sum of two generalized harmonic morphisms is not a generalized harmonic morphism. Nevertheless, we have the following proposition which gives a method to produce many examples of generalized harmonic morphisms. Proof. By Theorem 2.2, it suffices to prove the statement for the case of R k = C. Suppose that ψ : (M m , g) −→ C is a generalized harmonic morphism, and ϕ : (N n , h) −→ C is a harmonic morphism. It was proved in [8] that the direct sum of two harmonic morphisms is a harmonic morphism, in particular, the direct sum of two horizontally weakly conformal maps with dilations λ 1 (x) and λ 2 (y) is again a horizontally weakly conformal map with dilation λ(x, y) = λ 1 (x) + λ 2 (y). On the other hand, it was proved in [10] that the direct sum of two biharmonic maps is a biharmonic map. It follows from Theorem 2.2 that to prove the direct sum ψ ⊕ ϕ : (M m × N n , G = g × h) −→ C is a generalized harmonic morphism, it is enough to check that the map (ψ ⊕ ϕ)
2 : (M m × N n , G = g × h) −→ C is a biharmonic map. Notice that (ψ ⊕ ϕ)
2 (x, y) = (ψ(x) + ϕ(y)) 2 = (ψ(x)) 2 + (ϕ(y)) 2 + 2ψ(x)ϕ(y).
On the other hand, since the product metric G = g × h is used on the product manifold M × N, we have ∆ 
